Let F be the function which maps conformally a simple-connected domain Ω onto a rectangle R, so that four specified points on are mapped Ω ∂ respectively onto the four vertices of R. In this paper we consider the problem of approximating the conformal map F, and present a survey of the available numerical methods. We also illustrate the practical significance of the conformal map, by presenting a number of applications involving the solution of Laplacian boundary value problems.
Introduction
Let be a Jordan domain in the complex z-plane (z=x+iy) , and Ω c o n s i d e r a s y s t e m c o n s i s t i n g o f Ω a n d f o u r d i s t i n c t p o i n t s z 1 , z 2 which takes the four points Zj; j = 1,2,3,4 respectively onto the four vertices of , i.e. F is such that h R F(z 1 ) = 0, F(z 2 ) = 1, F(z 3 ) = 1+ih and F(z 4 ) = ih.
(1.1b)
Of course, h = m(Q) is also the only value of h for which the inverse conformal map ( This paper is concerned with the problem of determining approximations to the conformal map F (or F [ -1 ] ) and to the corresponding conformal module m(Q). This problem has received considerable attention recently, most notably by Gaier [10] - [14] who, in particular, recognized the i mp o r t a n t r o l e t h a t m( Q ) a n d o t h e r s i mi l a r c o n f o r ma l ma p p i n g d o ma i n functionals play in many practical and theoretical investigations. The main objectives of the paper are as follows:
. To discuss briefly some areas of application of the conformal map F, and to list the main properties of the conformal module m(Q); Section 2.
• To present a survey of some of the available numerical methods for compuing approximations to F and to m(Q); Section 3.
• To present two numerical examples illustrating the application of the conformal map F to the solution of Laplacian mixed boundary value problems, involving boundary singularities; Section 4.
• To report some recent results concerning a domain decomposition method for the mapping of a class of long quadrilaterals; Section 5.
Physical interpretation, applications and properties of m(Q).

Physical interpretation and applications.
With the notation of Section 1, let Q := { } a s s u m e t h a t t h e b o u n d a r y Ω ∂ o f Ω i s p i e c e w i s e a n a l y t i c . L e t now represent a thin plate of homogeneous electrically conducting Ω ma t e r i a l o f s p e c i f i c r e s i s t a n c e 1 , a n d s u p p o s e t h a t c o n s t a n t v o l t a g e s V 1 a n d V 2 a r e a p p l i e d r e s p e c t i v e l y t o t h e b o u n d a r y s e g m e n t s ( z 1 , z 2 ) a n d ( z 3 , z 4 ) , w h i l s t t h e r e m a i n d e r o f Ω ∂ i s i n s u l a t e d .
Finally, let I be the current passing through the plate, and consider the problem of determining the resistance 
) a f t e r f i r s t c o m p u t i n g I a s a l i n e i n t e g r a l o f n / u ∂ ∂ a l o n g a n y l i n e r u n n i n g from (z 4 , z 1 ) to (z 2 , z 3 ); for example we may take ). , ( : ,
Although the boundary value problem (2.2) appears to be rather simple, its solution by standard numerical techniques may present serious difficulties due to the geometry of Ω and/or the presence of boundary s i n g u l a r i t i e s . F o r e x a m p l e , i f Ω ∂ i s s m o o t h t h e n t h e s o l u t i o n o f ( 2 . 2 ) h a s a s e r i o u s s i n g u l a r i t y a t e a c h o f t h e p o i n t s Z j ; j = 1 , 2 , 3 , 4 , w h e r e the boundary conditions change from Dirichlet to Neumann. By contrast, if the conformal map (h = m(Q)) is available, then the solution of h R :
2 ) c a n b e o b t a i n e d t r i v i a l l y f r o m t h e s o l u t i o n o f t h e t r a n s f o r m e d problem in . More specifically, because the Laplace equation and the h R b o u n d a r y c o n d i t i o n s ( 2 . 2 b ) , ( 2 . 2 c ) a r e c o n f o r m a l l y i n v a r i a n t , t h e transplanted potential û satisfies the following boundary value problem:
That is, the solution of (2.2) at any point P − Ω ∈ can be written down immediately, once the imaginary co-ordinate of the image point := F(P) Ρ is found. Furthermore, since the integral (2.3) is conformally invariant we have that
and hence from (2.1) that r = h = m (Q) .
In other words, the resistance of the conducting plate is given by the conformal module of the quadrilateral Q := { ; Ω z 1 , z 2 , z 3 , z 4 }. The conformal module is also closely related to the capacitance C between the boundary segments (z 1 , z 2 ,) and (z 3 , z 4 ). This is defined as the charge o n ( z 1 , z 2 ) , w h e n ( z 3 , z 4 ) i s a t u n i t p o t e n t i a l a n d t h e r e m a i n d e r o f i s a t z e r o p o t e n t i a l ; s e e e . g . [ 5 ] . I f a s b e f o r e m ( Q ) = h , t h e n Ω ∂ it is shown in [12] that { }.
Regarding applications, we have come across a number of papers in the scientific and engineering literature which, in our conformal mapping terminology, are concerned specifically with the problem of determining conformal modules of quadrilaterals. Examples of these are references [26] , [28] , [43] , [50] , [53] , and [55] , in connection with applications in electromagnetic field theory, and references [3] , [27] , and [29] , in connection with the measurement of diffusion coefficients of solid materials. We also mention a recent paper by Gaier [14] , which is c o n c e r n e d w i t h a n a r e a p r o b l e m f o r q u a d r i l a t e r a l s Q . I n t h i s , t h e geometry of Q is partly described by three of its four boundary segments, the conformal module m(Q) is fixed, and the fourth boundary segment is to be determined so that the area of Q is minimized. The problem is closely related to a corresponding area problem for symmetric doubly-connected domains which, according to Acker [1] , has several important physical interpretations.
A more general application of the full conformal map F:
o n c e r n s t h e c o m p u t e r g e n e r a t i o n o f o r t h o g o n a l c u r v i l i n e a r c o -o r d i n a t e s y s t e m s f o r t h e f i n i t e -d i f f e r e n c e s o l u t i o n o f p a r t i a l d i f f e r e n t i a l e q u a t i o n s . E x a mp l e s o f t hi s c a n b e f o u n d i n [ 2 ] , [ 3 0 ] a n d [ 5 6 ] , a n d i n t h e r e v i e w p a p e r b y Th o mp s o n e t a l [ 4 8 ] w h i c h i n c l u d e s fourteen pages of discussion on the use of conformal transformations for numerical grid generation; see also [49] .
Properties of m(Q).
The properties of conformal modules are studied in detail in Section 6.11 of the recent book by Henrici [19] . Here, we merely state without proofs six basic results, which are important in computational work for e s t i m a t i n g m ( Q ) a n d f o r c o m p a r i n g t h e m o d u l e s o f d i f f e r e n t q u a d r iaterals. see [21] and [19: p433] . (A quadrilateral of the form described by (a) and (b) is said to be a symmetric quadrilateral.)
Variational property of m(Q).
L e t Q : = { z ; Ω 1 , z 2 , z 3 , z 4 } , l e t h : = m( Q ) a n d l e t K b e t h e c l a s s o f real valued functions u which are continuous in − Ω , attain the boundary v a l u e s u = 0 o n t h e s e g m e n t ( z 1 , z 2 ) a n d u = 1 o n ( z 3 , z 4 ) , a n d a r e in the Sobolev space W,( , )i.e. Ω 
where u 0 is the solution of the Laplacian problem (2.2) corresponding to the boundary values V 1 =0 and V 2 = 1; see [10: pl80], [13:p66] , [19: p434] and [58:p73] . □ P 2 . 4 L e t Q : = ( z ; Ω 1 , z 2 , z 3 , z 4 } , l e t , b e a n y p o i n t o t h e r t h a n z Ω into two disjoint Jordan domains , and so that
that f(z*) = 0 and f'(z* ) > 0, where z* is some fixed point in Ω . Then, the conformal map F:
can be expressed as
where S:D → R h is a simple Schwarz-Christoffel transformation. In fact, o n c e t h e i ma g e s = f ( ) ; j = 1 , 2 , 3 , 4 , o f t h e f o u r b o u n d a r y p o i n t s j ζ j z j z are found, S can be written down in terms of an inverse Jacobian elliptic sine, and the conformal module h can be determined by computing t h e r a t i o o f t w o c o mp l e t e e l l i p t i c i n t e g r a l s o f t h e fi r s t k i n d ; s e e e . g . [4] , [32] and [35] . For this reason, in theory at least, the problem of approximating F may be regarded as solved once a suitable approximation t o f : D i s f o u n d . I n p a r t i c u l a r , i f f i s k n o w n e x a c t l y t h e n , i n → Ω theory, (3.1) gives the exact conformal map F. In practice however, the application of (3.1) is restricted by a well-known numerical difficulty which is caused by a certain crowding phenomenon. This can be described as follows. small even when h is only moderately small. More precisely, it can be s h o w n t h a t i f h i s " l a r g e " t h e n
and if h is "small" then
Therefore, if h is either large or small then some of the images of the p o i n t s z j ; j = 1 , 2 , 3 , 4 , o n t h e u n i t c i r c l e w i l l b e v e r y c l o s e t o e a c h o t h e r . T h i s c r o w d i n g o f p o i n t s m a y b e r e g a r d e d a s a f o r m o f ill-conditioning, in the sense that a numerical procedure based on t h e u s e of (3.1) may fail to provide a meaniningful approximation to ,
, is used. In particular, the process will break down completely if, due to the crowding, the computer fails to recognize the points ; j = 1,2,3,4, in the correct j ζ order. For example, if h = 12 then it can be shown that , < 5.3xl0
Thus, in this case, the procedure will fail on a computer with precision 10 -7 , even if the conformal map f is performed exactly. (A more detailed discussion of the above can be found in [35: §2] . See also [10: p179], [19: p428] , the remarks of Trefethen in his preface of [54: p4] , and the paper by Zemach [60] which concerns a similar but more general conformal mapping difficulty.)
As might be expected, all our remarks concerning crowding also apply to the use of the composition
for computing approximations to the inverse map F[-1] : R h . Thus, the → Ω crowding phenomenon is a serious numerical drawback of procedures based on the use of both (3.1) and (3.4). However, such procedures deserve strong consideration for the following reasons:
Methods based on the use of (3.1) and (3.4) benefit from a very important advantage. This is connected with the fact that the problems of determining the conformal maps D : f → Ω and f [-1] : D are very → Ω well-studied. As a result, there are many efficient numerical methods for computing approximations to f and to f [-1]. For details of such methods we refer the reader to the following: (a) The classic monograph by Gaier [9] which, although written in 1964, is still very relevant. (b) Volume III of Henrici's Applied and Computational Complex Analysis [19] . (c) The collection of recent papers on numerical conformal mapping, which was edited in 1986 by Trefethen [54] . (In particular, this collection contains a survey [18] of almost all the known methods for approximating f [-1], and a report [41] of recent developments for dealing with corner and pole-type singularities in numerical methods for f. )
Crowding difficulties can be anticipated by using the quantity
as a measure; see (3.2) -(3.3) and the discussion in [35: §2] . Although the conformal module h is not known a priori, a reliable indication of the extent of crowding can be provided by using a crude estimate of h in (3.5). It is often possible to determine such crude estimates, by using the properties of m(Q ) listed in Section 2.2.
Unless C is small by comparison to the precision of the computer, or to the accuracy of the available approximation to f (or f [-1]), the use of (3.1) or (3.4) will not present any crowding difficulties. For example, i f h ∈[ 0 . 4 , 2 . 5 ] t h e n ( 3 . 5 ) g i v e s t h a t C > 0 . 1 5 7 . T h e r e f o r e , f o r s u c h values of h there will be no difficulties due to crowding, unless the approximation to f (or f [-1]) is very inaccurate.
(iii) For an important class of quadrilaterals the numerical difficulties assocated with crowding can be overcome by using a domain decomposition method; see [38, 39] and the discussion in Section 5 below.
(iv) Procedures based on the use of (3.1) and (3.4) have been applied successfully to many problems, for determining the conformal maps of non-trivial quadrilaterals. Examples of such applications can be found in the following: (a) References [22] and [42] , where numerical methods based on the integral equation formulation of Symm [46] are used for the approximation of the conformal map
. (b) References [33] and [37] , where an orthonormalization method, based on the properties of the Bergman Kernel function of Ω , is used for the approximation of f. (c) The recent paper by Trefethen [53] , who considers polygonal quadrilaterals, and uses his Schwarz-Christoffel package [51, 52] for approximating the conformal map f [-1] : D → Ω .
Methods based on approximating the conformal map of an associated doubly-connected domain onto a circular annulus.
M e t h o d s o f t h i s t y p e c a n b e u s e d o n l y i n c a s e s w h e r e t h e quadrilateral Q := { Ω ; z 1 , z 2 , z 3 , z 4 }has one of the two special forms 4 , z 1 ) o f t h e r e a l a x i s , a s t r a i g h t l i n e L 2 : = ( z 2 , z 3 . , ) i n c l i n e d a t a n a n g l e / n t o L π 1 , w i t h n ≥ 1 a n i n t e g e r , a n d t w o J o r d a n a r c s Γ 1 a n d 2 Γ . P r o c e e d i n g e x a c t l y a s i n [ 3 5 ] , w e a s s u m e t h a t t h e a r c s Γ 1 a n d 2 Γ a r e g i v e n i n p o l a r c o -o r d i n a t e s b y
, and denote by d Ω the 2n-fold symmetric doubly-connected domain obtained by first reflecting Ω about the straight line L 2 . That is,
Then, for a certain value of q, 0 < q < 1, d
Ω is conformally equivalent In other words, the problem of determining F is equivalent to that of determining the conformal map .
Consider now the case where Q is of the form illustrated in Fig l(b) , a n d l e t t h e a r c s ( z 1 , z 2 ) a n d ( z 3 , z 4 ) h a v e c a r t e s i a n e q u a t i o n : Therefore,
and the equivalence of the conformal maps and
We end this section by making the following remarks in connection with the use of the compositions
And
for computing approximations to F and to the inverse conformal map F [-1] :
As was previously remarked, the application of (3.8) and (3.9) is restricted to quadrilaterals having one of the two special forms illustrated in Fig 1. We note however that the mapping of such quadrilaterals has received considerable attention recently; see e.g. [6] , [15] , [30] , [45] , and [56] .
(ii)
Procdures based on the use of (3.8) and (3.9) are not affected by crowding of the form described in Section 3.1.
(iii) The use of (3.8) or (3.9) for approximating F or F [ -1 ] depends on the availability of a suitable approximation to or g .
.
Although the conformal mapping of doubly-connected domains has received much less attention than that of simply-connected domains, there are several good numerical methods for approximating g and g [ -1 ] ; see e.g. [7] , [8] [23] , [34] , [47] and [57] . Furthermore, some of these methods involve more or less the same computational effort as the corresponding methods for approximating
. This can be seen by comparing, for example, 
A finite element method
Let h := m(Q ), where as before Q := { Ω ; z . 1 
12). The f i n i t e e l e me n t d i s c r e t i z a t i o n u s e d i n [ 1 0 ] i n v o l v e s t h e f o l l o w i n g : ( a )
Partitioning the polygonal region Ω into regular triangular (or rectangular) elements, so that each of the points Zj; j = 1,2,3,4, coincides with a node of the subdivision, (b) Taking K ) and ' K ) to be finite-dimensional spaces of linear (or bilinear) functions.
The method of [10] has been analyzed fully, particularly by Weisel [58] , and estimates of the order of convergence are given in both [10] and [58] ; see also [13: pp.69-70] . This is of course an important theoretical advantage of the method. Unfortunately however, the speed of convergence is in general slow, because in any non-trivial application the Laplacian problems associated with Q and Q ' contain boundary singularities, i.e. "corner" singularities of the type that arise frequently in the study of elliptic mixed boundary value problems. In particular, serious singularities occur when the polygon Ω ∂ contains re-entrant corners, or when one or more of the points Zj; j = 1,2,3,4, do not coincide with corners of . The damaging effect of such singularities is predicted by Ω ∂ the analysis of [58] , and also by the more general finite element theory of Laplacian boundary value problems which has been developed in recent years; see e.g. [17] . Furthermore, it is now well-known from this general theory that the situation can be improved by the use of singular elements. This approach has been applied successfully by Weisel [58] in connection with the use of a different, but similar, method for computing approximations to the conformal modules of doubly-connected domains.
A Fourier series method
Let Q be of the form illustrated in Fig. l(b) and assume that (z 1 ,z 2 ) is a segment of the real axis. That is, let 
The above results lead to a numerical conformal mapping method for quadrilaterals of the form (3.14), which was proposed, but not analyzed, by
Challis and Burley [6] . This method of [6] is based on solving a set of nonlinear equations that arise from the discrete Fourier series analogues o f ( 3 . 1 6 ) , ( 3 . 1 7 ) a n d ( 3 . It turns out that the above method of Challis and Burley is equivalent to a known method of the type discussed in Section 3.2, although this is not immediately apparent from the work of [6] . More specifically, the method of [6] is equivalent to expressing F [ -1 ] in the composite form given by the second equation in (3.9), i.e. as 20) and using the well-known method of Garrick ([9] , [16] , [19] , [25] ) for approximating the conformal map g
This equivalence is . [15] , where also the theory of the method of Garrick is used to provide some theoretical justification for the numerical method proposed in [6] .
We end this section by making the following remarks:
The doubly-connected domain corresponding to (3.14) is of the form . (ii) The method of Garrick can, of course, also be used in conjunction with (3.20) for the mapping of quadrilaterals having the more general form (3.7). In this case however, the associated doubly-connected domain d Ω does not display any special simplifying features, apart from symmetry. Thus, the general Garrick algorithm must be used, and this involves the application of four FFT's in each iterative step; see [15] . (iv) A Fourier series method has also been used by Wanstrath et al [56] , for the mapping of quadrilaterals of the form (3.7). It is of interest to note that their series representation of the mapping function F [ -1 ] can also be derived from the theory of the Garrick method, via the use of (3.20).
A finite difference method
Let Q := { ; z Ω. 1 , z 2 , z 3 , z 4 }, where the domain is bounded by four Ω. Jordan arcs, and the points z 1 , z 2 , z 3 , z 4 are the corners where these arcs intersect. That is, the quadrilaterals under consideration are of the form illustrated in Fig. 1 , except that now all four sides of Q are allowed to be curved.
The conformal mapping of quadrilaterals of the above special form has been considered recently by Seidl and Klose [45] . Their numerical method involves the use of an iterative algorithm which solves by finite differences a coupled pair of Laplacian mixed boundary value problems in R h , for the unknown functions
o u r s e , t h e h e i g h t o f t h e r e c t a n g l e R h , i . e . t h e c o n f o r ma l mo d u l e h : = m( Q ) , i s a l s o a n u n k n o w n o f t h e t w o L a p l a c i a n p r o b l e ms . )
The method of [45] is based to a large extent on experimental observations. Also, in the numerical examples the authors are mainly interested in comparing the efficiencies of methods for solving the discretized Laplacian problems; e.g. the SLOR and the multigrid.
A modified Schuarz-Christoffel transformation method
This is a recent method due to Howell and Trefethen [24] , for computing approximations to h := m(Q ) and to F [-1] : in cases where is a Ω R h → Ω polygonal domain. The method is designed to overcome the crowding difficulties which, when h is large, affect the use of procedures based on ( 3 . 4 ) ; s e e S e c t i o n 3 . 1 . T h i s i s d o n e b y u s i n g a n i n f i n i t e s t r i p , i n s t e a d o f the unit disc, as the intermediate canonical domain. More precisely the method of [24] is based on expressing F [ -1 ] in the form is described with full computational details in [24] .)
The efficiency of methods based on the use of (3.21) is illustrated in [24] by several impressive examples, involving the conformal map of highly elongated quadrilaterals.
4.
Numerical examples I n t h i s s e c t i o n w e p r e s e n t t h r e e n u me r i c a l e x a mp l e s , c h o s e n t o illustrate the following:
. The application of the conformal map . The crowding difficuties associated with the use of procedures of the type described in Section 3.1, in cases where the conformal module h is "large" or "small"; Example 3.
. The efficiency of procedures of the type described in Section 3.2, for the mapping of quadrilaterals having one of the two special forms illustrated in Fig. 1 ; Example 3.
Example 1.
Consider the solution of the Laplacian problem (2.2) in the case where: This problem has a serious boundary singularity at the point z 2 =0, in the sense that the first derivatives of its solution become unbounded at z 2 .
More specifically, the singularity occurs because in the neighbourhood of z 2 the solution u has a series expansion of the form u(rcosθ, rsinθ) = 500 + ∑
( I n f a c t , i t c a n b e s h o w n t h a t t h e expansion (4.1) is valid everywhere in Ω ; see [44] .)
The above problem is often referred to as the "Motz problem", because it was first considered by Motz [31] The use of (4.2) recommends itself because in this case the conformal map f :
is known exactly in terms of a Jacobian elliptic sine; see D Ω → e.g. [4: p44] , [32: p280] and [59] . In addition, the conformal m o d u l e h i s k n o w n e x a c t l y i n t e r ms o f t w o c o mp l et e e l l i p t i c i n t e g r a l s o f t h e f i r s t kind; see [44: Eq. (6.23)] and [59] . In fact, to nine decimal places, h = 1.469 218 032 .
Hence the measure of crowding (3.5) is C = 0.795 805 280 .
Therefore, we can conclude that, in this case, the implementation of (4.2) will not be affected by crowding of the form described in Section 3.1.
It follows from the above that (4.2) gives the exact solution of the Motz problem, in terms of elliptic functions and integrals. Surprisingly, this does not appear to be generally recognized, althoug the exact solution has been available in [59] , since 1972.
The conformal map (4.2) has also been used by Rosser and Papamichael [44] , for developing a procedure that computes accurate approximations to the coefficients a n of the expansion (4.1). This procedure is essentially b a s e d o n e x p r e s s i n g t h e c o e f f i c i e n t s i n t e r ms o f t h e c o e ffi c i e n t s i n , n a the series expansions of the various elliptic functions and integrals involved in the conformal maps f and S. The computed approximations to the v a l u e s a n / 5 0 0 ; n = 0 , 1 , . . . , 1 9 , c o r r e s p o n d i n g t o t h e f i r s t t w e n t y coefficients of (4.1), are listed in pages 34 and 35 of [44] . From these we can conclude, for example, that the exact values of the first four coefficients are given, to fourteen significant figures, by: The above problem also has a boundary singularity, which this time occurs because the first derivatives of the solution u become unbounded at the r e -e n t r a n t c o r n e r i 1 c z + = .
In this case the exact conformal map f : is not known. However, D Ω → by using elliptic integrals or symmetry arguments, it can be shown that h := m(Q ) = 3 1 ;
see [10] , and [20, 21] , That is, the conformal module of Q is given to six decimal places by h = 0.577 350 .
Also, although the exact solution of the Laplacian problem is not known, it is easy to show by using symmetry arguments that the value of u at the re-entrant corner is c z .
2/3 c u =
For the numerical solution of the problem we use again the composite t r a n s f o r ma t i o n ( 3 . 1 ) . H o w e v e r , s i n c e i n t h i s c a s e t h e c o n f o r ma l ma p f :
is not known exactly, we perform the transformation F :
approximately by means of
where is an approximation to f. More specifically, the approximation ff is obtained by using the Bergman kernel method (BKM), i.e. an orthonormalization method based on the properties of the Bergman kernel function of Ω . Full details of the BKM procedure used can be found, for example, in [33] . Here, we only note that the BKM leads to approximations of the form Tables 1 and 2 respectively. In the tables we also list the values E £ and e^, whose meanings are as follows: . denotes the estimate of the maximum error in modulus in the BKM Table 1: . The valueC 2 . 5 indicates that no crowding occurs in the case l = 2.5.
For this reason, Method 1 gives an accurate approximation to h 2 . 5 , with ε 2 . 5 < E 2 . 5 . Although the value C 5 . 0 indicates a noticeable amount of crowding, the method leads to a perfectly adequate approximation 0 . 5 h . This occurs b e c a u s e C 5 . 0 i s s u b s t a n t i a l l y l a r g e r t h a n E 5 . 0 H o w e v e r , t h e c o m p u t e d approximation is contaminated somewhat by the effects of crowding and, as a result, This is an example of a much more general phenomenon, which can be described as follows:
Let Q := { Ω ; z 1 , z 2 , z 3 , Z 4 }be a quadrilateral of the form illustrated in Fig. l(b) , where: That is, if Q is a "long" quadrilateral, then h := m(Q ) can be approximated closely by the sum h 1 + h 2 of the conformal modules of the two smaller quadrilaterals Q 1 and Q 2 . In fact, by imposing certain smoothness conditions on the functions T J ; j = 1,2, it is possible to obtain precis estimates of h -(h 1 + h 2 ). Such estimates are derived in [39] , where also the analysis of a decomposition method, for determining the full conformal map in terms of , is given; see also [38] .
To illustrate the practical significance of (5.1), we recall the numerical results which were obtained in Example 3, by the use of Method 1. In particular, we recall that the crowding on the unit circle had affected the accuracy of the approximation to h 5 h is the accurate Method 1 approximation to h 2 . 5 listed in Table 1 In this way we find that the error in both 
